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1 Introduction

The purpose of the paper is to extend the general framework for marginal deformations
developed in [1] for open bosonic string field theory [2] to open superstring field theory
formulated by Berkovits [3].! Let us briefly review recent remarkable progress in analytic
methods for open string field theory [8]—[31], focusing on marginal deformations. Ana-
lytic solutions for marginal deformations were first constructed in [20, 21] for the bosonic
string when operator products of the marginal operator are regular, and the solutions were
extended to the superstring in [22, 23, 25]. The generalization to marginal deformations
with singular operator products was initiated in [21], and solutions to third order in the
deformation parameter were constructed. For the special case of the marginal deformation
corresponding to the zero mode of the gauge field, solutions to all orders were constructed
for the bosonic string in [24] and for the superstring in [28]. The solutions in [24, 28], how-
ever, do not satisfy the reality condition on the string field, and a strategy for constructing
real solutions was outlined in [28]. See [32]-[47] for earlier study of marginal deformations
in string field theory and related work.

Analytic solutions for general marginal deformations satisfying the reality condition
were recently constructed in [1] for the bosonic string. While previous solutions for marginal
deformations in [20-23, 25] were built from unintegrated vertex operators and b-ghost inser-
tions, the solutions in [1] were based on integrated vertex operators which are closely related

! See [4-7] for reviews on string field theory.



to finite deformations of boundary conformal field theory (CFT). A change of boundary
conditions in boundary CFT can be implemented by properly renormalized exponential
operators of an integral of the marginal operator, and a systematic procedure to construct
solutions from such renormalized operators was presented in [1]. The general idea of the
construction in [1] does not depend on the bosonic nature of the problem, and we expect
that the construction can be extended to the superstring. We in fact find that the extension
is remarkably simple, and we construct analytic solutions of open superstring field theory
to all orders in the deformation parameter satisfying the reality condition.

The organization of the paper is as follows. In section 2 we review the construction
in [1] of solutions to the equation of motion for the bosonic string. We use this result later
and construct string fields in the superstring satisfying the bosonic equation of motion with
the BRST operator in the bosonic theory replaced by the one in the superstring theory.
In section 3 we discuss properties of integrated vertex operators in the superstring. In
section 4 we construct solutions to the equation of motion of open superstring field theory.
This is the main result of the paper. String field theory expanded around the solution was
described in [1] using a deformed star product. In section 5 we show that the equation of
motion of open superstring field theory expanded around the solution in section 4 can also
be described using the deformed star product in [1]. Section 6 is devoted to discussion.

2 Solutions to the bosonic equation of motion

The equation of motion of open bosonic string field theory [2] is given by
Q¥ + 0?2 =0, (2.1)

where W is the string field of ghost number one and @ p is the BRST operator. Here and
in what follows products of string fields are defined by the star product [2]. In this section
we review the construction in [1] of solutions to (2.1) for general marginal deformations.
A marginal deformation is generated by a marginal operator V;(¢) which is a matter
primary field of dimension one. The solutions in [1] are constructed from an operator which
implements a change of boundary conditions between two points a and b on the boundary.

When operator products of the marginal operator are regular, it is given by
b b )\2 b b
exp[)\/ dtVl(t)] :1+)\/ dtvl(t)—i-g/ dtl/ dtgvl(tl)vl(tg)—i- cee (2.2)

where A is the deformation parameter. When operator products of the marginal operator
are singular, we need to renormalize the operator (2.2) properly to make it well defined,
and we denote the renormalized operator by

[V D], (2.3)

where

V@mz/%wmy (2.4)



If the marginal deformation is exactly marginal, there is a one-parameter family of con-
sistent boundary conditions labeled by A and we expect to have a corresponding family of
solutions in string field theory. Since the new boundary condition generated by the oper-
ator [e*V (@) ] is conformal, the operator [e*V (%) ], should be invariant under the BRST
transformation up to additional contributions from the points a and b where the boundary
condition changes:

QB . [BAV(a,b) ]r — [eAV(a,b) OR(b) ]r _ [OL((I) 6)\V(a,b) ]r ) (2.5)

Here Op(a) and Og(b) are some local A-dependent operators at a and b, respectively. See
the introduction of [1] for more detailed discussion. The solutions in [1] were constructed

from the operator [e*V(@?)], as follows. The operator [e*V (%) ], is given in the form of an
expansion in A:
[V ] =N A [V (a,b) ], (2.6)
n=0
where
1 n
(VO a,b)], = = [(V(a,0)"], for n>1 and [VOa,b)], =1. (2.7)
n!
We then define a state U by
U=1+> AU, (2.8)
n=1
where
(. UM) = (fop(0) [V (Ln)]:)w,. (2.9)

Here and in what follows we denote a generic state in the Fock space by ¢ and its corre-
sponding operator in the state-operator mapping by ¢(0). The conformal transformation

f(&) is )
f(&) = — arctan ¢, (2.10)

T
and we denote the conformal transformation of the operator ¢(§) under the map f(&) by
fow(&). The correlation function is evaluated on the surface W, which is obtained from
the upper-half plane of z by the identification z ~ z+n+1. We represent WV, in the region

where —1/2 < Rez < 1/2 + n. It follows from (2.5) that the BRST transformation of the
operator [V (™ (a,b)], takes the form

n n

Q- V™ (b)), =Y [V (a,b) 0 ®)] - S 10V (@) VED(ab),, (211

r=1 =1

where Oy, and Opg are expanded as follows:
or=>_ 20", or=> roy. (2.12)
n=1 n=1

Thus the BRST transformation of U can be split into two pieces:

QpU = Ap — Ap (2.13)



with - -
Ap=>" Al Ap=" Al (2.14)
n=1 n=1

where

(¢, A ) =3"(fop()[0P M) VD) )w, ,
=1

(0, AW =S "(fop(0) [V (1,n) O (n) ] I, -

r=1

(2.15)

We then define ¥, by
V=AU, (2.16)

where U~ is well defined perturbatively in A because U = 1+ O()). The BRST transfor-
mation of ¥y, can be calculated as follows:

QeVr = Qp(ALU™Y)
= (QpAL) U+ AL, U (QpU)U!
= (QpAL) U '+ A U (A — AL)U ™! (2.17)
= (QpAL+ AL U T AR) U — AL U T ALU!
= (QBAL+ALU " Ag) U™ — W3 .

It was shown in [1] that the relation
QAL = —ALU ' Ag (2.18)

holds under a set of assumptions which were argued to be satisfied for any exactly marginal
deformation. The equation (2.5) is in fact the first of these assumptions. We list the com-
plete set of assumptions in appendix A. The state ¥y, thus solves the equation of motion:

QY+ V2 =0. (2.19)

The solution ¥, however, does not satisfy the reality condition on the string field,
and a solution satisfying the reality condition was generated in [1] from ¥ by a gauge
transformation. The string field ¥ must have a definite parity under the combination of
the Hermitean conjugation (hc) and the inverse BPZ conjugation (bpz ') to guarantee
that the bosonic string field theory action is real [48]. We define the conjugate X* of a
string field X by

Xt =bpztohe(X). (2.20)

The conjugation satisfies
(@QBX)' = = (-1)" QpX*, (2.21)
(XY)t =vyHx*t, (2.22)

Here and in what follows a string field in the exponent of (—1) denotes its Grassmann
property: it is 0 mod 2 for a Grassmann-even state and 1 mod 2 for a Grassmann-odd



state. In order for Q¥ and W? to have the same conjugation property, the Grassmann-
odd string field U must satisfy W% = ¥. This is the reality condition on the string field

in open bosonic string field theory. When the renormalized operator [e AV(a, b)]

» preserves
the invariance under the reflection where V(¢) is replaced by Vi(a + b —t) and when V; is

chosen such that the state corresponding to A V1 (0) is even under the conjugation,? we have
vt=u, (U hHr=u"t, Al = 4. (2.23)

Therefore, a state Wy defined by
Ur=U'4r (2.24)

is the conjugate of ¥ and solves the equation of motion. The two solutions ¥ and Vg
are related by the gauge transformation generated by U:

Up=U1'0,U4+U1QpU. (2.25)

A solution U satisfying the reality condition is obtained from Wj or Wy by gauge trans-
formations as follows:

1 1
‘IIZT‘I’L\/E—FTQB\/E

—f@%r+f©%ﬁ (2.26)

1 1
L e VT VT U= QeVU — (QpVU) —=

2 VU \/_ \/_ VU
where VU and 1/ VU are defined perturbatively in A. It follows from (\/ﬁ )i =U ,
(1/vV/U )t =1/V/U, and \I’iL = Up that the last expression for ¥ in (2.26) manifestly satisfies
the reality condition. The three expressions are equivalent because of the relation (2.25).

3 Integrated vertex operators in the superstring

We expect that integrated vertex operators play a crucial role in extending the construction
of solutions in [1] to the superstring. The marginal operator V; in the superstring is the
supersymmetry transformation of a superconformal primary field ‘71 /2 in the matter sector
of dimension 1/2:

V0 =G )= [ [T - 5T B, 60

2
where Tr(z) and fF(Z) are the holomorphic and antiholomorphic components, respectively,
of the world-sheet supercurrent, and C(t) is a contour in the upper-half plane which runs
from the point ¢+ ¢ on the real axis to the point ¢ —e on the real axis in the limit ¢ — 0 with
€ > 0. An integrated vertex operator in the 0 picture is an integral of V; on the boundary:

b b
V(a,b):/ dtVl(t):/ dtG_yjg - Vipl(t). (3.2)

2 If the state corresponding to Vi (0) is odd under the conjugation, we set A = i X and take X to be real
to satisfy this convention.



It is invariant under the BRST transformation up to nonvanishing terms from the end
points of the integral region:

b ~
Q- V(@) = [ dta [0+ e’ Tipo(t)

= [eVi(0) +1e? Vi (b) ] = [eVi(a) + ne? Vija(a) ]

(3.3)

We use the description of the superconformal ghosts in terms of 1, £, and ¢ [49, 50], and
the BRST operator for the superstring is given by

an= | [ L ip(z) - 2 () (3.4)

2mi 2mi
with
jp=cTg + chf + CTE +ne? TR 4 : bede : — bnone®?
T = — . nok -, (3.5)
TS = —% : 0¢0¢ : — 0%,

where T and T} are the holomorphic components of the energy-momentum tensor and
the supercurrent in the matter sector, respectively, and jp is the antiholomorphic counter-
part of jp. The operator V (a,b) in the matter sector is obviously annihilated by 79, which
is the zero mode of 1 and plays an important role in open superstring field theory [3]. Since
the BRST operator anticommutes with 7, the operator Qp -V (a,b) is also annihilated by
no. We can explicitly see that the operator cVi(t) + ne? 171 /2(t) which appeared in (3.3)
is annihilated by ng. The operator cVi(t) + ne? 171 /2(t) is also annihilated by the BRST
operator. This can be seen by acting with @p on (3.3). In the description of the super-
conformal ghosts in terms of n, &, and ¢ including the sector generated by 7y and &y, any
BRST-closed operator can be written as an BRST-exact operator because of the existence
of a Grassmann-odd operator R(t) satisfying

@p-R(t)=1. (3.6)
We choose R(t) to be?
R(t) = — cote™(t). (3.7)
Since
lim R(t — ) [cVi(t) + ne? Vipa(t)] = cbe™Vip(t), (3.8)
we have
cVi(t) +ne? Vijs(t) = Qp - [c€e™Vipn(1) ] - (3.9)

% The relation Qp - R(t) = 1 is a counterpart of no - £(t) = 1 in the N = 4 topological description [51],
and the operator R(t) was explicitly constructed in [3] as R(t) = €Y (t), where Y (t) = cOfe™2?(t) is the
picture-lowering operator discussed in [52]. The relation @ - R(t) = 1 follows from @Qp - Y (t) = 0 and
X(t1) Y(t2) — 1 in the limit ¢t1 — t2, where X () = @B - £(¢) is the picture-raising operator.



Note that the unintegrated vertex operator ce_‘bf}l /2 in the —1 picture with an additional
factor of £ appeared in (3.8). This operator is used in the solution to the linearized equation
of motion of open superstring field theory formulated by Berkovits [3], as we will discuss
in the next section.

Finite deformations of the boundary CFT are generated by an exponential of V(a,b).

AV (a,b)

When operator products of V; are regular, it is given by e , where \ is the deformation

parameter. Its BRST transformation is
Qs - VD = XAV [V (b) + e Ty o(D)] — Al eVila) + e Trafa) | VD (3.20)

if operator products of 171 /2 and an arbitrary number of V}’s are also regular so that (3.3)
can be applied even in the presence of further insertions of V;’s. The second term on the
right-hand side can be written as

A eVi(a) +ne? Vi p(a) ] eV (@)
=\Qp - [cte ™V )3(a) ] V(D)
=AQp - [cte Vijp(a) V@0 ] —\* [cge Ty p(a) | XV ) [V (b) + me? Vija ()],
(3.11)

where we again used the regularity assumption on the operator products. We thus find
that

AQB - [0567(;5‘71/2(@) AV (@) ]

= A[cVi(a)+ne? ‘71/2(00) J eV (@b) 42 [C§€_¢‘71/2(a) ] 2V(@b) [V (b) + ne? ‘71/2(5)] .
(3.12)

This relation, being generalized to the singular case, plays a crucial role in our construction
of solutions in open superstring field theory.

When operator products of V; are singular, we need to renormalize the operator eV ()
properly to make it well defined, and we denote the renormalized operator by [eAV(“’b) Ir
as before. If the deformation is exactly marginal and preserves superconformal invariance,
we assume as in the bosonic case that the BRST transformation of [e*V(®?) ], takes the

following form:
Qp - [V V], = [V D Op(b) ], — [Or(a) NV, , (3.13)

where Op,(a) and Og(b) are some Grassmann-odd local operators at a and b, respectively.
The operators [Of(a) e*V (@?) ], and [e*V (@Y Ok (b)], are annihilated by 7 , as we discussed
before. To leading order in A they are determined from (3.3) and given by

[Or(a) V@0 ] = X[ Vi (a) +1e? Vi jp(a) ] + O(N?), (314
[V @) OR(b) ], = M Vi) +ne? Vijo(b) ] + O(A?). '
In the regular case, we find from the exact expression in (3.10) that
OrLegular _ O%Sgular —\ [CVl + 776¢ ‘//\'1/2] , (3‘15)



and there are no higher-order corrections to the operators Op and Opg.

Let us introduce the following operators:

(01(a)e @], = lim R(a —¢) [Op(a) VD],
) o 3.16
(V@ Op(h)], = —lim [V D Op(b) ], R(b + ). (3.16)

These are generalizations of A [c{e*‘i’ﬂ/z(a)]eAV(a’b) and \ etV (@0 [c{e*‘i’ﬂ/z(b)] in the
regular case. The ghost sector couples to the matter sector only through ¢ and ne? in the
BRST current, and the operator products of c£0¢e™2? with ¢, ne?, and their derivatives
are regular. The limit € — 0 in (3.16) is therefore regular. To leading order in A these

operators reduce to

[O(a) XV D], = Xete™ V) ja(a) + O(N?),

- " 3.17
[V Op(b) ], = Ac€e Vo (b) + O(N?). o

The BRST transformation of [Oy,(a) eV (@ ], can be calculated from (3.6) and from the
BRST transformation of [Op(a)e* (@Y ].. When the deformation is exactly marginal
and preserves superconformal invariance, we assume that the BRST transformation of
[Or(a) e?V(@b) ], is given by

Qp-[0p(a) NV ] = —10(a) V(@Y OR(b)], . (3.18)

See the introduction of [1] for more detailed discussion. The BRST transformation of
[Or(a) e?V(@b) ], is then given by

~

Qp - [Op(a) VP ], = Qp - [113(1] R(a — €)[Or(a) V(@) ]r]

(3.19)
=[0p(a) V@], + lim R(a — €) [O1(a) AV Op(b)], .
This is a generalization of (3.12). Similarly, we find
Qp - [V Or()], = — Qp - [lim [V @D OR(b)], R(b+ e)]
=0 (3.20)

= [V Op(b) ], + lim [Or(a) XY Op(b) ] R(b+ ).

As we mentioned before, the relations (3.19) and (3.20) play a crucial role in the construc-
tion of the general superstring solutions in the next section.

4 Solutions in the superstring

In this section we construct solutions for general marginal deformations in open superstring
field theory formulated by Berkovits [3]. The equation of motion is

m(e*Qpe®)=0, (4.1)



where ® is the superstring field of ghost number zero. The leading term in the expansion
of (4.1) in @ is given by
Qeno®+ O0(@%) =0, (4.2)

where we have used {@Qp,n0} = 0. To leading order in the deformation parameter A\, a
solution @ associated with an exactly marginal deformation takes the form

(9,®) =A(fop(0) c€e V(1) )wy +O(N), (4.3)

where ‘71 /2 is the superconformal primary field corresponding to the marginal deforma-
tion, as introduced in section 3. The term of (4.3) at O(A) solves the equation of motion
to linear order in ® given in (4.2) because 7y eliminates the operator ¢ and the remain-
ing unintegrated vertex operator ce*(bffl /2 in the —1 picture is annihilated by the BRST
operator.

In [22] Erler proposed to solve the following equation:

e ?Qpe® =0, (4.4)

where U satisfies
QpV+¥*=0, V=0, (4.5)

and to linear order in \ the state ¥ reduces to

(9, W) =A(fop(0) Qp - [cte™*Vip(1)] Iy + O(N). (4.6)

Namely, the state ¥ is a pure-gauge string field with respect to the gauge transformation
of bosonic string field theory, while we use the BRST operator of the superstring. Since
the left-hand side of (4.4) also takes a pure-gauge form, we expect a solution ® to the
equation (4.4) of the form (4.3). Since ¥ is annihilated by 79, the solution of (4.4) also
solves the equation of motion (4.1).

In [22] such a pure-gauge string field ¥ was constructed from the solution of open
bosonic string field theory in [20, 21] by replacing the unintegrated vertex operator ¢V; in
the bosonic string with Qp - [c§e*¢‘71/2] in the superstring. Then the equation (4.4) was
solved and solutions for marginal deformations were constructed in open superstring field
theory when operator products of the marginal operator are regular [22, 25].

We can also obtain pure-gauge string fields satisfying (4.5) using the construction of
solutions for bosonic string field theory in [1], which covers the case where operator prod-
ucts of the marginal operator are singular. As we reviewed in section 2, the solutions

etV (ab) |» under the assumptions listed in ap-

in [1] are constructed from the operator |
pendix A. String fields in the superstring satisfying (4.5) can be constructed from the
operator [NV (@), with V; = G_y/2- 171/2 as introduced in (3.1) of section 3 because all
the assumptions listed in appendix A are expected to be satisfied when the deformation

corresponding to V; 5 is exactly marginal and preserves superconformal invariance. All the

solutions in section 2 have the same leading term in A given by A Ag) +O(A\?), where AS;")



is defined in (2.15).* As Ag) is determined by the leading term of [Op (a) e’V (®?) ], which
is given in (3.14) for the superstring case, we find

(o, AY = (fop(0) 0P (1)),
(fo9(0) [Vi(1) + ne? i jo(1) ]Iy (4.7)
(fop(0) Qg - [cte V1 n(1) ] hwy »

where we have used (3.9). Therefore, the condition (4.6) is satisfied. The solutions in [1]
AV ()]
€ r

are built from the operator [ and its BRST transformation which are both an-
nihilated by 79, and thus the second condition in (4.5) is also satisfied. We can thus
construct superstring solutions for marginal deformations from the bosonic solutions of [1]
by solving (4.4).

The leading term of the superstring solution ® in (4.3) is built from the leading term

of the operator [Op,(a) eV (@) ]
e)\V(a,b) ]

r, as can be seen from (3.17). We therefore expect that
the operator [aL(a) » plays an important role in the construction of superstring
solutions. Just as A7 and Ag are constructed from the operators [Or (1) erV (1™ ], and
[AVEM) Op(n)], at O(A"), respectively, we introduce states A, and A which are con-

structed from [Op (1) eV ] and [e*V ™) Op(n)], at O(A"). We define
Ap=>" A, Ap=3 Ay (4.8)
n=1 n=1
with

(0, Ay = Tim 3 (fop(0) R(1 - [0 (1) VOD(1,n)], )w,,

B (4.9)
(o, AG") = =lim S~ (fo(0) [V (1) OF ()], R(n + ) ), -
r=1
The states A\L and A gr are related by the conjugation:
(Ap)' = — Ag. (4.10)

This can be shown as follows. The state R corresponding to the operator R(0) satisfies
QpR = |0) and thus R* = R, which follows from |0)} = |0) and (2.21). Following the
argument in § 2.2.1 of [1], the operator R(1 — ¢€) on W, in the definition of A\}Jn) is mapped
to R(n + ¢) under the conjugation. The relation (4.10) then follows from AIL = Apr. The
BRST transformations of XL and ER can be derived from those of A; and Agr. The
BRST transformation of Ay, is presented in (2.18), and using (2.13) we find QpAr =
QB (QBU + AL) = QBAL- Thus we have

QpAL=—-AL U Ap, QpAr=—-ALU ' AR. (4.11)

* The leading terms of the bosonic solutions ¥, Wr, and ¥ are )\A(Ll), )\Ag‘)7 and A (A(Ll) + 145;4))/27
respectively. Because OS) = O(Ll), we have Ag) = A(Ll) and thus all three solutions are equivalent to leading
order.

,10,



Using the identities (3.19) and (3.20), the BRST transformations of A, and Ap, are given by
QBA\L :AL—{—A\L UﬁlAR, QBA\R:AR—AL U71A\R. (4.12)

These relations hold when the assumptions in appendix A are satisfied.
We now claim that &7, and & defined by

P =14+A,U0", e P®r=1-UT'A44 (4.13)

solve the equation (4.4) with ¥ being ¥, = A, U~! and Wy = U~! Ag, respectively,
defined in section 2. Using the relations (2.13) and (4.12), we have

Qpe® = (A + A U  AR) U™ — AL, U™ (Ag — Ap) U™

=(1+A,u YA U! (4.14)
- eCDL \I}L )
and
QBB_q)R = — U_1 (AR — Ap U_1 A\R) + U_1 (AR — AL) U_1 A\R
= —U AR (1-U"' AR) (4.15)
= —Up e PR
Therefore,
e P Qpe®r =0, e PRQpe®r = — (Qpe ®R) PR = Uy, (4.16)

Since ¥ and Wi are annihilated by 79, the states ®; and ®gr solve the equation of
motion (4.1).
The reality condition on the superstring field ® is ®* = — @, or

(ecb)i: e, (4.17)
The solutions @7, and ®r do not satisfy the reality condition. In fact, we find
(ecI)L)i =27 (4.18)

which follows directly from (4.10) and the definitions (4.13). However, we can generate a
real solution from @ and ®r by generalizing the method in appendix B of [22]. We claim
that ® defined by

e? = (VePrUe 2r )71 (e®2VT) (4.19)

satisfies the reality condition and solves the equation of motion. The state ® is well defined
to all orders in A because e®2 Ue ™ ®% =1+ O(\) and U = 1 + O()\). Using the relations

LU e R = (eq)L \/ﬁ) (BCDL \/ﬁ)i, (eq)L Ue ®r )i =P Uetr (4.20)

— 11 —



we have

(@) = (4 vO) (e VD) (er Vi) )

< (Vo) (V) ) (v

(4.21)
— (ecI)L\/ﬁ)i <(€¢L\/ﬁ) (eéL\/ﬁ)i>_1(e¢L\/ﬁ)
=1.

Therefore, ()" = e~® and the reality condition (4.17) is satisfied.
The state ® defined in (4.19) is related to the solution @, in the following way:

e®? =QePL A, (4.22)

where Q = (Ve®2 Ue=®r )"l and A = VU . If Q is annihilated by Qp and A is annihilated
by 79, the state ® is a gauge transformation of ®; and thus satisfies the equation of
motion. It is obvious that the state v/U is annihilated by 7. The state (Ve®zr U e=®r )~
is annihilated by Qp if e®~ U e~®% is annihilated by Qp. It can be shown as follows:

Qp (e®*Ue ®r) = (V,U+QpU —-UWUg)e *r

= e (AL +QpU — Ap) e 2% (4.23)
where we used (2.13) in the last step. This completes the construction of real solutions
in open superstring field theory for general marginal deformations under the assumptions
listed in appendix A. Incidentally, the solution ® satisfies the equation (4.4) with the real
solution ¥ of [1] given in (2.26):

Qpe® = (VetrUe ®r )71 QB(ecI)L \/ﬁ)

(\/ e®L Ue %r )_1 e®r (\IfL VU + QB\/E)

— (VT ) VT (0T QT

(4.24)

=0,

Since V¥ is annihilated by 79, we have reconfirmed that ® solves the equation of motion (4.1).

5 Superstring field theory around the deformed background

It was shown in [1] that the action of open bosonic string field theory expanded around the
real solution (2.26) can be written in terms of deformed algebraic structures defined by

X«xY=XU"'y,
OX =QpX 4+ A+ X — (-1 X xAp=QpX + V. X — (-1 XU, (51)
(X Y)=(x,utyut)

- 12 —



for arbitrary string fields X and Y. When A = 0, the deformed structures reduce to their
undeformed counterparts because U = 1 + O(\) and Ar, Agr, Y1, and ¥ are of O(\).
The equation of motion derived from the action in terms of the deformed structures is

QW + 5 %5 = 0, (5.2)

where dWU is related to the original string field ¥ expanded around the real solution (2.26),
which we now denote by ¥q, as follows:

1 1
U =Ty + —— 00 —— 5.3
VT VU >3

The deformed structures obey the expected algebraic relations

QX =
QX +Y)=(0X)+Y + (-1)¥ X x (QY),
(X, 7)) = ()" (Y, X)), (5.4)
<<QXY>>= —(=D*((X,QY)),
UX,Y*Z))=({(X*Y,Z)),

which are necessary for a consistent formulation of string field theory. Since open super-
string field theory [3] is formulated using the algebraic structures of open bosonic string
field theory, the action of open superstring field theory written in terms of the deformed
structures is consistent. It is expected to describe fluctuations around the background
corresponding to the solution (4.19) in terms of a redefined string field ®. We show in
this section that this is indeed the case and derive the relation between J® and the orig-
inal string field ® analogous to the relation (5.3) between ¥ and 6% for the bosonic case
found in [1].

To formulate superstring field theory using the deformed algebraic structures, we first
have to introduce an exponential operator exp,[ X | of the deformed star algebra. As can
be seen from the definition (5.1), the state U plays the role of the identity element of the
deformed star algebra:

X«U=UxX=X. (5.5)
We thus define exp,[ X | by

xp[X]=U+X + - X*X+3'X*X*X+ —U+Z—X*X* *X . (5.6)

n times

The equation of motion derived from the action using the deformed algebraic structures is

no (‘exp,[—6®] * Qexp,[6®]) =0. (5.7)

To determine the relation between d® and the original string field ®, let us express (5.7)
in terms of the undeformed star product and the BRST operator Qp. The exponential
operator exp,[ X | can be written as

exp*[X]:\/ﬁe\%UX\%U VU . (5.8)

,13,



We thus find

% |:»,70 ( exp, [ =0 ] x Qexp*[(sq)]):|

_1Lsap- L 1 1 s L 1
= e VU VT — Q [VUeVvT " VU NU _>
n°< v NG

1 1 1 1 (5'9)
:770< 7—54’%@3[6755@%])4_770([@}9\/_ VU g

7)

VT e u”ﬁ).

3~

5

+no<e 'l \}_[%QBW—%%\P
The second term on the right-hand side vanishes. Note that the real solution of bosonic
string field theory in (2.26) appeared in the last line of (5.9). We use the relation (4.4)
applied to the real bosonic and superstring solutions shown in (4.24) and find

1 1
WQB\/E—FW

where we denoted the real superstring solution (4.19) by ®y. The equation of motion can

\IJL \/ﬁ = e—<I>0 QB e<I>0 y (5.10)

then be written as

1 1 1 1 1 1 1
no<e_ﬁéq>ﬁ@3[eﬁ6¢¢_ﬁ]+6_V_56¢ﬁ 0 Q[ e? ]eﬁé@

&

) (5.11)

1 1

1 1
=10 (eﬁw’] e ™ Qp[e® eﬁ@ﬁm =

We recognize this as the equation of motion for the original string field ® with the follow-
ing identification:

1
e? = %0 Vit VT (5.12)

This is the relation between 6® and ®, which is a natural extension of (5.3) for the
bosonic case.

6 Discussion

6.1 Explicit construction for a class of marginal deformations

We followed the strategy adopted in [1], and we have presented a procedure to construct
solutions for general marginal deformations in the superstring from properly renormalized
operator products of the marginal operator Vi satisfying the set of assumptions listed
in appendix A. In section 4 of [1], such renormalized operator products in the bosonic
string were explicitly constructed for a class of marginal deformations satisfying a finiteness
condition. To state it, we define operator products g Vi (t1) Vi(t2) ... Vi(t,)$ for arbitrary
n with t; # t; recursively as follows:

JVi(t1) o = Vi(th),

o Vi(t) Vilta) ... Vi(tn) o = Va(ta) o Valta) ... Vi(tn) 6.1)

=Y (Vi) Valta)) SValt) - Vi(tion) Vi(tinn) - Valta)

— 14 —



for n > 1 and t; # t;. The finiteness condition of [1] then demands that the limit

lim 2 V1 () Vi (t)" (6.2)

t—t’

is finite for any positive integer n.
In the superstring case, we furthermore define operator products involving the operator
V12 For arbitrary n with t; # t;, we define oV} 5(t1) Vi(te) ... Vi(tn)g by

SVija(t) Vilta) .. Vi(ta) S = Vija(t1) SVA(t2) ... Vi(tn) 2 (6.3)
and SV, jo(t1) Vija(t2) Vi(ts) ... Vi(ta) S by

S Viya(t) Vija(ta) Vi(ts) ... Viltn) S = Vija(t) SVija(ta) Valts) ... Vilta) S

- - (6.4)
— (Vipa(t1) Vipa(t2)) o Vilts) ... Va(ta)s -

Note that the correlation function <‘71 /2(t) Vi(t')) vanishes because the conformal dimen-
sions of the operators do not match so that it does not appear in the definitions (6.3)
and (6.4). Then the bosonic finiteness condition (6.2) can be generalized to the following
superstring finiteness conditions.

The superstring finiteness conditions. The operators
lim SVi () Va(#)"S,  lim g Vija(t) Vi(e)" g (6.5)

are finite for any positive integer n and the operator

lim & V3 o(t) Vi jo (') VA ()" (6.6)

t—t’

vanishes for any mon-negative integer n.

We now construct explicit solutions of superstring field theory for the class of marginal
deformations satisfying the superstring finiteness conditions. The operators [eAV(avb) Jrs
[Vi(a) eV (@) ] and [e*V (@9 Vi (b)], were explicitly constructed in § 4.3 of [1]. When the

superstring finiteness conditions are satisfied, we have

QB . [e)\v(a,b) ]T _ [e)\v(a,b) OR(b)]r - [OL(a) e)\V(a,b) ]T (6.7)

with®
[01(a) VD], = Ae(a) [Vi(a) eV D ]+ A ne? Vi jp(a) [V (D], —)\; dc(a) [V @],
(VD 0 ()]s = ALY D V0], )40 [ e Toa) + 5[40, 0e).

(6.8)

® When the double-pole term 1/¢* in the operator product expansion of Vi (t) V1 (0) is nonvanishing, we
normalize Vi(t) such that the coefficient of the double-pole term is unity. If this convention conflicts with
the reality condition on the string field, we set A = ¢ A and take A to be real when constructing the real
solution.
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It then follows that

~

a —¢ 17 a A2 - a
[O1(a) VD], = Nege™® Vijola) [N 0], + S cdecdce™ (a) [V V)],

2
(VD (b)), = A[ AV D] e Tyo(t) —

(6.9)
[V ], checage ™2 (b) .

We can explicitly construct superstring solutions from these operators. By generalizing the
calculation in appendix B.2 of [1], we can show that

Qp - [0Op(a) V@], = —[0r(a) NV @Y Og(b)], (6.10)
with
[Or(a) VD OL(b)],
= X c(a) [Vi(a) VD Vi(B) ], e(b) + X e’ Vi jp(a) [ XV D Vi (b)), (b)
AP a a %
— - 9cla) [V VI() ] e(b) + N ela) [Vi(a) XV (D ] el Vo (b)
~ ~ 23 ~
+ X20e? Vi jo(a) [V D) ] ne? Vi o (b) — 5 Ocla) [V (D] 1e? V15 (b)
)‘3 AV (a,b )‘3 i AV (a,b
+ 5 cla) [Vila)e @O, de(b) + S ne? Vija(a) [NV, De(b)
)\4
— 5 0c(@) [P ], det),
(6.11)
when the superstring finiteness conditions are satisfied. Here the operator

[Vi(a) V(@) Vi (b)], is defined as in appendix B.1 of [1]. This proves the assump-
tion (II) stated in appendix A. The remaining assumptions (III)-(VI) can be shown just as
in [1] for the bosonic case. Thus the superstring solutions constructed from the operators
[OL(a) eV (@], and [e*V(@9) Og(b)], given in (6.9) using [e*V (@) ], defined in section 4
of [1] satisfy the equation of motion.

The simplest example of a deformation satisfying the superstring finiteness conditions
is the deformation associated with the constant mode of the gauge field on a D-brane in flat
space. If we denote a space-like coordinate along the D-brane by X* and its fermionic part-
ner by ¥*, the superconformal primary field ‘71 /2 associated with the marginal deformation
is given by ¥*, and V) is

i
V2a!

as in the bosonic case. In this example, the operator products (6.1), (6.3), and (6.4) are

Vi) = Gyjg - M (t) = 8, XM (1) (6.12)

those defined by the standard normal ordering and the superstring finiteness conditions
are satisfied. In § 4.2 of [1], several examples of marginal deformations satisfying the
finiteness condition in the bosonic case were presented. It is easy to see by generalizing
the argument in § 4.2 of [1] that the superstring finiteness conditions are satisfied for the

supersymmetric extensions of these examples, which include deformations of flat D-branes
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in flat backgrounds by constant massless modes of the gauge field and of the scalar fields
on the D-branes, the cosine potential for a space-like coordinate, and the hyperbolic cosine
potential for the time-like coordinate. Therefore, we have explicitly constructed superstring
solutions for these marginal deformations.

6.2 More specific assumptions

A point where the boundary condition is changed behaves as a primary field in the bosonic
case and as a superconformal primary field in the superstring case and is often described
in terms of a boundary-condition changing operator. If we assume this property, we can
derive more specific forms of the operators [Op (a) eV (@) ], and [e*V (@Y Og(b)], both in
the bosonic and superstring cases.

In the bosonic case, the BRST transformation of a primary field V}(¢) of dimension A is

QpB - Vh(t) = c@ch(t) +h (3C)Vh(t) . (6.13)
We thus expect that

(V@D 0p(0) ] = e(b) 0y [V ], + h(N) e(v) [V @0)),

[01(a) V@], = — ¢(a) 8, [NV @Y ], — h(N) dc(a) [V (@D, | (6.14)

where h()) is a function of A, which can be interpreted as the conformal dimension of

[eAV(“’b) | for

the boundary-condition changing operator. Therefore, once the operator
arbitrary a and b is given, the solution is determined up to one unknown function hA(\).

The assumption (II) in appendix A can now be derived from (6.14). We have
Qp - [0L(a) eV ], = —lim Qp - (c(a — €) 9u +h(X) dc(a — o)) [NV D],
=— (cOc(a) 0, + h()\) cd’c(a)) [ Viab) ],

)
+ (c(a) 0y + h(X) dc(a)) (c(a) By + h(N) dc(a)) [V (@) ],
) (c(®)

(a)
+ (c(a) dq + h(X c(a c(b) By + h(X) dc(b)) [AV(a0)]
(6.15)

The second line on the right-hand side precisely cancels the first line. We find

Qp - [0r(a) V@D, = (c(a) Dy + h(X) Dec(a)) (c(b) By + h(A) De(b)) [V (@0,

—[01(a) AV (a.b) Or(®]r, (6.16)

and thus we have derived the assumption (II). The assumptions (III)~(V) in appendix A
with additional operator insertions can also be derived from those without operator inser-
tions.

If the conformal dimension of the boundary-condition changing operator corresponding
to a deformed background is known and the function h(\) is determined from the BRST

AV(@b) ], we can identify the value of A\ which describes the deformed

transformation of [e
background. As we discussed in § 6.1, renormalized operators satisfying the assumptions

of appendix A were constructed in [1] for a specific class of marginal deformations, and
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the function h(\) was determined as h(\) = A2/2 for this class of deformations. The
simplest example in this class is the deformation associated with the zero mode of the
gauge field (6.12), and in this Case the boundary-condition changing operators at the end

points a and b are given by : e e X! cand : e\/;_ e :, respectively. They are primary
fields of dimension A\?/2, and this is consistent with the general result h(\) = A\2/2 for the
class of deformations. The deformation by the cosine potential [53-56] which interpolates
Neumann and Dirichlet boundary conditions is also included in the class, and the conformal
dimension of the boundary-condition changing operator between Neumann and Dirichlet
boundary conditions is known to be 1/16. Thus a natural conjecture is that a periodic
array of lower-dimensional D-branes is described by the solution presented in section 4

of [1] with A = 1/(2v/2).

If the renormalized operator [e*V (%) ], obeys the relations
O [eAV(a,b) Ir = [0a eV (@) lr = = A[Vi(a) NV (h) Jrs (6.17)
81) [eAV(a,b) ]r _ [ab eAV(a,b) ]r _ A [eAV(a,b) V1(b) ]T ’ .
then (6.14) can also be expressed as
Avm,b)Ob = [V (X eV (b) 4 h(N) De(b
e r e c c ,

[O(a) e = [(AeVi(a) — h(X) Dc(a)) NV @) ],

It is easy to verify that the renormalized operators constructed in section 4 of [1] sat-
isfy (6.17).

In the superstring case, the BRST transformation of a superconformal primary field
Vi(t) of dimension h is

Qp - Vi(t) = cOVi(t) + 1 (9e)Vi(t) +ne® Gy ja - Vi(t). (6.19)
Since
lim R(t — ¢) e(t) = 0,
lim R(t — €) Oc(t) = — cOctdEe (1), (6.20)

e—0

lil% R(t — €)ne?(t) = cte ?(t),

the ghost sectors of the operators [Of(a) eV (@], and [e*V (@) Ok(b)], and consequently
of the superstring solutions are highly constrained and written in terms of cfe~? and
cOctd¢e™??. We can again read off the unknown function h(\) from the BRST transfor-

AV(@b) ] “and use it to identify the value of A which describes a deformed back-

mation of [e
ground when the conformal dimension of the corresponding boundary-condition changing

operator is known.

5 The solution, however, is not directly constructed from [eAV(“’b) ]» but from its expansion in A\ with
different values of a and b for different terms in the expansion. Furthermore, the radius of convergence in
A of this solution is not known, so there could be possible loopholes in our argument.
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6.3 Pure-gauge forms

As was discussed in appendix C of [1], the bosonic solutions in section 2 can be for-
mally written as pure-gauge string fields if we use boundary-condition changing operators
expanded in A. Similarly, the superstring solutions in this paper can also be formally
written as pure-gauge string fields of superstring field theory. Let us write the operator
[eAV(a,b) ]r as

[V D], = op(a) or(b), (6.21)

where o7,(a) and og(b) are the boundary-condition changing operators, and expand them
as follows:

or(@)=1+> Mo(@),  or) =1+ Naw)(b). (6.22)
n=1 n=1

(n) (n)

These are formal expansions and we do not expect the operators o} and o~ to belong to
the complete set of local operators of the boundary CFT. Then the state U can be formally
factorized as follows:

U=ApAg, (6.23)
where
Ap=1+3 2Al Ap=1+ amAp (6.24)
n=1 n=1
with
(o, Ay = (Fop@a™Wwn, (0, AWy =(Fop(0) oW m)w, .  (6.25)

The states A;, and Ar can be written as
Ap = —(@QBAL)Ar,  Ar=AL(QBAR). (6.26)
Let us introduce states 25, and Qg defined by

Q=1+> A0, Qp=1+> QY (6.27)

n=1 n=1

with

(0, ) = (fo0(0) Qz-[Ro ()] w,, (0, 25) = (fop(0) Qz-[RoY ()],
(6.28)

They are obviously annihilated by the BRST operator: QpQr, =0, QpQ2gr = 0. Since

liH(l) R(a—¢)Qp - J(Ln)(a) = — lin% Qp- [R(a—¢) U(Ln) (a)] + U(Ln) (a) (6.29)

e e 6.29
= —Qp- [Ra(Ln)(a)] + U(Ln)(a) ,

the state A 1, can be written as
AL =Q Ap—U. (6.30)
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Similarly, we have

Ar=U— AL QR. (6.31)
Thus the solutions e®L and e~ ®E can be written as
L =14+ (Q AR —U)U P =Qp AL,

6.32
G_CDR:1—U_1(U—ALQR):A;%19R. ( )

The left factor 0y, of e®~ and the right factor Qg of e"®% are annihilated by @p. Further-
more, the right factor Azl of e®~ and the left factor AI_%1 of e~®R are annihilated by 19 so
that both ®; and ®g are formally written as pure-gauge string fields of superstring field
theory. For the particular marginal deformation (6.12) associated with turning on the zero
mode of the gauge field, ®;, corresponds to the solution constructed in [28].

We can also express the real solution ® in (4.19) in terms of Ay, Ag, Qr, and Qp.

Since
e?LUe " = Qp Qg (6.33)
we have
e = (Ve Ue® ) (VT ) = [ (VOran) e | A VALAR] . (6.39)

This expression for e®

is again formally in a pure-gauge form because the left factor is
annihilated by @ p and the right factor is annihilated by 7g. Thus we have also solved the

problem of finding a real superstring solution in a pure-gauge form raised in [28].
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A Assumptions

In this appendix we present a list of the assumptions introduced in [1] on the renormalized

operator [V (@) ]

- for constructing solutions corresponding to general marginal deforma-
tions. See § 1.1 of [1] for more detailed discussion. While the discussion in [1] was for
the bosonic string, it can be extended to the superstring if the marginal operator Vj is
the supersymmetry transformation of a superconformal primary field ‘71 /2 of dimension
1/2 as stated in (3.1) and if the BRST operator (3.4) for the superstring is used. We be-
lieve that all the assumptions are satisfied for any exactly marginal deformation preserving

superconformal invariance.
1. The BRST transformation of the operator [e)‘V(a’b) |» takes the following form:
QB . [e)\V(a,b) ]7" _ [eAV(a,b) OR(b) ]r - [OL(G) e)\V(a,b) ]7" ’ (I)

where Or(a) and Ogr(b) are some local operators at a and b, respectively.
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2. The BRST transformation of the operator [Op(a) eV (@b ], is given by

Qp - [0p(a) V(@M ], = —[Or(a) Y O ()], . (II)
The operator [e*V (@) ], generalizes to
[ ey, (A1)
i=1
with a; < a;41 for ¢ = 1,2,...,n when different boundary conditions on different

segments on the boundary are introduced. Two assumptions on this operator were
made in [1].

3. Replacement. When X\ji1 = Aj, the product etV (@5,0541) Ai+1VI(a3+1.0542) jpgide the
operator (A.1) can be replaced by e*iV(%:%5+2) ;

[... eMV(@a) AViasnazee) ) [ AiVIear2) (I11)
4. Factorization. ~ When \; vanishes, the renormalized product (A.1) factorizes
as follows:
[... M 1V(a-10) AsnViaginasee)
(IV)

=[... NV@-1) ) A Vienae)

It was also assumed that (III) and (IV) hold when Op(a1), Or(an+1), or both are inserted
into the operator (A.1). The next assumption is for operators on the family of surfaces

Wh.

5. Locality. The operators [e*V (@Y ], and [Op(a) e*V (@) ], defined on W), coincide with
those defined on Wy, with m > n:

[eAV(a,b) I, on W, = [BAV(a,b) ] on Wi, W)
[0(a) V@Y ] on W, = [Op(a) eV Y], on W, .
Finally, e*V (%) is classically invariant under the reflection where V; (t) is replaced by V; (a+

AV (ad) ]

b —t), and it was assumed that [ r preserves this symmetry.

6. Reflection. The operator V(@9 ], is invariant under the reflection where Vi(t) is
replaced by Vi(a+b—t):

[exp<)\/abdtV1(a+b—t)>]r: [exp@/abdtvl(t))]r. (V)
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